Following our earlier work [11, 12] , we derive noncommuting phase-space structures which are combinations of both the κ-Minkowski and Snyder algebra by exploiting the reparametrisation symmetry of the recently proposed Lagrangian for a point particle [10] satisfying the exact Doubly Special Relativity dispersion relation in the Magueijo-Smolin framework.
Introduction :
Recently, motivated by the ideas of quantum gravity [1] , a generalization of Special Relativity known as Doubly Special Relativity (DSR) [2] has been proposed. The most popular model known as Magueijo-Smolin (MS) DSR [3, 4] has the dispersion relation
where, η 0 = 1, η = 0. As one can see that there is an additional mass scale κ which plays an important role in two very different contexts. The observations of ultra-high energy cosmis ray particles and photons that violate the GZK bound [5] can be explained by using the deformed dispersion relation (1) . On the other hand, the existence of a length scale is directly linked to the breakdown of spacetime continuum and the emergence of a noncommutative (NC) spacetime [6, 7] . Furthermore, exploiting the notion of duality in the context of Quantum Groups, it has been demonstrated in [8, 9] that each DSR is uniquely associated with a particular form of NC phase-space. In particular, the MS relation is related to a specific representation of κ-Minkowski NC phase-space [8, 9] . So far the theoretical development in this area has been mainly kinematical. A dynamical picture of this model has been proposed recently in [10] . It is shown that the reparametrisation symmetry of the proposed Lagrangian allows one to choose appropriate gauge fixing conditions such that specific forms of NC phase-space structures are induced via Dirac brackets [13] . A further change of variables is made which leads to an algebra which is a combination of both the κ-Minkowski and Snyder. However, there does not seem to be a systematic prescription on which such change of variables are derived. In this paper (essentially following the method in [11, 12] ) we exploit the reparametrisation symmetry of this Lagrangian to derive systematically a change of variables from which a NC phase-space structure containing both the κ-Minkowski [2, 8, 9] and the Snyder algebra [7] emerges.
DSR Lagrangian and NC phase-space :
We start from the reparametrisation invariant action of an MS particle [10] 
where,
. The canonically conjugate momenta to x µ are given by
They are subject to the DSR dispersion (constraint) relation (1) and satisfy the Poisson bracket (PB) relations
Now using the reparametrisation symmetry of the problem (under which the action (2) is invariant) and the fact that x µ (τ ) transforms as a scalar under world-line reparametrisation
leads to the following infinitesimal transformation of the space-time coordinate
The generator of this reparametrisation invariance is obtained by first writing the variation in the Lagrangian L (2) under the transformation (6) as a total derivative
where, A = m √ κ 2 −m 2 . Now the generator G is obtained from the usual Noether's prescription as
where we have used (6, 7) . It is easy to see that this generator reproduces the appropriate transformation (6)
The simplest gauge condition to get rid of the gauge freedom generated by φ 1 (6) is obtained by identifying the time coordinate x 0 with the evolution parameter τ
The constraints (1, 10) form a second class set with
The resulting non-vanishing Dirac brackets (DB) are 2 :
which imposes the constraints φ 1 and φ 2 strongly. Using (9), the transformations that relates the primed coordinates in terms of the unprimed coordinates can be written down in terms of phase-space variables as:
where we have used the relation
The above change of variables (derived from reparametrisation symmetry) enables us to choose a value of the reparametrisation parameter ǫ which leads to noncommuting structures which are combinations of both the κ-Minkowski and the Snyder algebra as we shall see subsequently. Setting
and using (12) and (13), we obtain the following algebra between the primed coordinates :
2 The Dirac brackets are defined as {A, B}DB = {A, B} − {A, φa}(φ −1 ) ab {φ b , B}, where A, B are any pair of phase-space variables [13] .
Now making the following change of variables
we obtain the algebra which contains both the κ-Minkowski [2, 8, 9 ] and the Snyder [7] NC structures :
It should be noted that in absence of the 1/κ-term or the (κ 2 − m 2 )/(κ 2 m 2 )-term, one obtains the Snyder [7] or the κ-Minkowski algebra [2, 8, 9] respectively. Alternatively, one may demand that the algebra between x ′ i and p j is of the form (15). A simple inspection (after the substitution of (13) in the left hand side of (15)) gives the solution (14) for the reparametrisation parameter ǫ. Hence, the change of variables relating the primed coordinates with the unprimed ones read:
With the above change of variables and the DB algebra (12) , one can reproduce the algebra between the primed variables (16, 17, 18, 19) . Note that the above change of variables is different from the one given in [10] . Furthermore, the solution for the reparametrisation parameter (14) shows that one can write down a modified gauge fixing condition given by :
which forms a second class pair with (1) . The set of non-vanishing DB(s) consistent with the strong imposition of the constraints (1, 26) reproduces the results (15, 16, 17, 18, 19) . At this point we would like to make an observation. It can be easily seen by substituting (13) in (18) and (19) (by keeping only the first terms on the right hand side of (18) and (19) which are the κ-Minkowski terms) that there exists no solution of the reparametrisation parameter ǫ which simultaneously satisfy both (18) and (19). This in turn shows that it is not possible to obtain the κ-Minkowski algebra by exploiting the reparametrisation symmetry of the action (2) for the MS particle. Hence we point out that although the action (2) (for the MS particle) proposed in [10] gives the DSR dispersion relation (1), it does not lead directly to the algebra of the κ-Minkowski space rather it leads to an algebra which contains both the κ-Minkowski and the Snyder algebra. This is also consistent with the fact that the analysis in [10] also does not reproduce the algebra of the κ-Minkowski space.
Discussions :
In this paper, we have essentially followed our earlier work on noncommutativity and reparametrisation symmetry [11, 12] to obtain phase-space NC structures which are combinations of both the κ-Minkowski and Snyder algebra from the recently proposed Lagrangian for a point particle satisfying the exact DSR dispersion relation. We have also shown that the NC results in the nonstandard gauge and the commutative results in the standard gauge are seen to be gauge transforms of each other. We feel our approach is conceptually cleaner and more elegant than [10] where such change of variables are found by inspection and apparently lack any connection with the inherent symmetries of the problem.
